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Problem 1.24

Derive the three quotient rules.

Solution

Proof of Quotient Rule 1

The aim is to prove that

∇
(
f

g

)
=

g∇f − f∇g

g2
. (1)

Write out the left side explicitly.

∇
(
f

g

)
=

(
3∑

i=1

δi
∂

∂xi

)(
f

g

)

=
3∑

i=1

δi
∂

∂xi

(
f

g

)

=
3∑

i=1

δi

∂f

∂xi
g − ∂g

∂xi
f

g2

=

3∑
i=1

δi
∂f

∂xi
g −

3∑
i=1

δi
∂g

∂xi
f

g2

=

g

(
3∑

i=1

δi
∂f

∂xi

)
− f

(
3∑

i=1

δi
∂g

∂xi

)
g2

=
g∇f − f∇g

g2
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Proof of Quotient Rule 2

The aim is to prove that

∇ ·
(
A

g

)
=

g(∇ ·A)−A · (∇g)

g2
. (2)

Write out the left side explicitly.

∇ ·
(
A

g

)
=

(
3∑

i=1

δi
∂

∂xi

)
· 1
g

 3∑
j=1

δjAj

 =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δj
Aj

g


=

3∑
i=1

3∑
j=1

(δi · δj)
∂

∂xi

(
Aj

g

)

=

3∑
i=1

3∑
j=1

δij
∂

∂xi

(
Aj

g

)

=

3∑
i=1

∂

∂xi

(
Ai

g

)

=

3∑
i=1

∂Ai

∂xi
g − ∂g

∂xi
Ai

g2

=

3∑
i=1

∂Ai

∂xi
g −

3∑
i=1

∂g

∂xi
Ai

g2

=

g

(
3∑

i=1

∂Ai

∂xi

)
−

3∑
i=1

Ai
∂g

∂xi

g2

=

g

 3∑
i=1

3∑
j=1

δij
∂Aj

∂xi

−
3∑

i=1

3∑
j=1

δijAi
∂g

∂xj

g2

=

g

 3∑
i=1

3∑
j=1

(δi · δj)
∂Aj

∂xi

−
3∑

i=1

3∑
j=1

(δi · δj)Ai
∂g

∂xj

g2

=

g

( 3∑
i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjAj

−

(
3∑

i=1

δiAi

)
·

 3∑
j=1

δj
∂g

∂xj


g2

=
g(∇ ·A)−A · (∇g)

g2
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Proof of Quotient Rule 3

The aim is to prove that

∇×
(
A

g

)
=

g(∇×A) +A× (∇g)

g2
. (3)

Write out the left side explicitly.

∇×
(
A

g

)
=

(
3∑

i=1

δi
∂

∂xi

)
× 1

g

 3∑
j=1

δjAj



=

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δj
Aj

g


=

3∑
i=1

3∑
j=1

(δi × δj)
∂

∂xi

(
Aj

g

)

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂

∂xi

(
Aj

g

)

=
3∑

i=1

3∑
j=1

3∑
k=1

δkεijk

∂Aj

∂xi
g − ∂g

∂xi
Aj

g2

=

3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂Aj

∂xi
g −

3∑
i=1

3∑
j=1

3∑
k=1
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∂g

∂xi
Aj

g2

=

g

 3∑
i=1

3∑
j=1

3∑
k=1

δkεijk
∂Aj

∂xi

−
3∑

i=1

3∑
j=1

3∑
k=1

δk(−εjik)Aj
∂g

∂xi

g2

=

g

 3∑
i=1

3∑
j=1

(δi × δj)
∂Aj

∂xi

+
3∑

i=1

3∑
j=1

(δj × δi)Aj
∂g

∂xi

g2

=

g

( 3∑
i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjAj

+

 3∑
j=1

δjAj

×

(
3∑

i=1

δi
∂g

∂xi

)
g2

=
g(∇×A) +A× (∇g)

g2
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